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Abstract
The differential scattering cross section of the massless scalar field localized on the 3-brane of charged static black
holes in the ADD model is analyzed. While results valid in the entire range of the scattering angle can be obtained
only via a numerical approach, analytical results can be obtained via the geodesic, Born, and glory approximations. The
comparisons between numerical and analytical results lead to excellent agreements. The increase of the charge intensity
has the consequence of increasing the width of the interference fringes in the scattering cross section. Its influence on the
intensity of the scattered flux, however, depends on the dimensionality of the spacetime. Analyses for the special cases
of uncharged and extremely charged black holes are included.
1 Introduction
The study of astrophysical objects has given an enormous step forward with the recent detections of gravitational waves [1].
These realizations mark the beginning of a new epoch in science, when mankind started to look into the Universe in the
perspective of gravitational waves. Also, these remarkable accomplishments brought to our knowledge the existence of
binary systems of stellar-mass black holes. This can be regarded as one more evidence that such objects populate the
Universe in varied systems, with masses which go from some to million, or even billion, solar masses [2]. On the other
hand, electromagnetic radiation still gives the best possibilities of probing structures around black holes with sizes com-
parable to their event horizons [3, 4]. In particular, one of the black hole candidates which has attracted most attention of
astrophysicists is Sgr A*, the black hole in the center of our galaxy, with estimated mass of ∼ 4 × 106M.
The possibilities mentioned above have instigated some researches about how radiation emitted near, e.g. from the
accretion disk [5], and from far sources [6] are scattered in the vicinity of black holes. When enough resolution is achieved,
astrophysicists will finally observe the event horizon of these black holes as a shadow [7], which can describe not only the
characteristics of the black hole, as its rotation, but also input experimental constrains to alternative theories of gravity.
Although astrophysical black holes are undoubtedly the ‘labs’ for testing the strong limit of gravity, it has also in-
creased in the recent years the effort to observe black hole properties in labs. Such efforts can be put in two categories:
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one based on acoustic analogue systems [8, 9] and the other based on brane-world scenarios [10–14]. These two ap-
proaches are now in different levels; while acoustic systems have already been used to observe some of event horizon
consequences, as the stimulated Hawking radiation [15, 16] and superradiance [17], the consequences of the interaction
between higher-dimensional black holes and 3-brane fields still remain in the theoretical level. The appearance of black
holes in particle colliders, as the LHC (see Ref. [18] for a recent review), is one real possibility of studying black hole
phenomenology in local experiments conditioned to one of the most fundamental problems in physics: the existence of
extra dimensions1.
Semi-classical black holes created at the LHC would rapidly evaporate via Hawking radiation. This fact has instigated
the study of scattering properties of higher-dimensional black holes, once Hawking radiation is directly related to the
greybody factors which measure the probability of the black hole absorbing scattered waves. Works have been done
considering mainly the Arkani-Hamed–Dimopoulos–Dvali (ADD) scenario, in which uncharged [21–27], charged [28],
and rotating [29–36] black holes have been analyzed. Some work about wave properties, as quasinormal modes, around
black holes in the Randall-Sundrum scenario has been recently developed [37, 38].
Although it is more likely that semi-classical black holes produced at the LHC, after a balding phase, should be
rotating with a latter “Schwarzschild phase” [18], studying non-rotating charged black holes could help to foresee some
of the features of such objects. This happens thanks to the fact that charged black holes share some properties2 with
rotating black holes with the advantage of being static. Therefore, the scalar scattering of static charged black holes in the
context of the ADD scenario represents a simple model which can help to understand not only the consequences of extra
dimensions but also the physics of mini-black holes which can appear at the LHC in the near future.
In the present work we analyze the scattering properties of a small (static) charged black hole for the masseless scalar
field restricted to the 3-brane in the ADD model. We compare results for black holes with different charge intensities,
including the uncharged [27] and extreme cases. In Sec. 2 we present the geometry of the analyzed system as well as
the scattering properties of the massless scalar field in such geometry. In Sec. 3 we present the analytical methods used
to obtain approximated results which can be compared with the numerical ones. The numerical results obtained via the
partial-wave method are presented in Sec. 4 together with their comparisons with the analytical results. We present our
conclusions in Sec. 5. Here we adopt the speed of light c = 1.
2 Wave scattering
The spacetime of higher-dimensional non-rotating charged black holes was found by Myers and Perry [41]. This solution
generalizes the Reissner-Nordstro¨m solution [42] to a d-dimensional spacetime and it is given by
ds2 = f (r)dt2 − f (r)−1dr2 − r2dΩ2n+1, (1)
where n = d − 3 and
f (r) = 1 − C
rn
+
D2
r2n
, (2)
1See Refs. [19, 20] for recent experimental constrains on black hole production at the LHC.
2An example of similar behavior between charged and rotating black holes is the fact that they shrink if they get more charge or angular momentum.
As a consequence, the scalar absorption cross section of charged [39] or rotating [40] black holes decrease if their respective charge or angular momentum
increase.
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with the constants related to the black hole mass M and charge Q by [41]
C =
16piGd M
(n + 1)Ωn+1
, (3)
and
D = ±
(
8piGd
n(n + 1)
)1/2
Q. (4)
Above, dΩ2n+1 is the line element of a unit (n + 1)-sphere and
Ωn+1 =
2pi
n+2
2
Γ
(
n+2
2
)
is its area.
The spacetime given by Eq. (1) describes a black hole if D∗ ≡ 2|D|/C ≤ 1 and a naked singularity if 2|D|/C > 1. In
the first case, f (r) possesses horizons located at
r± =
(
C/2 ±
√
C2/4 − D2
)1/n
, (5)
with r+ being the event horizon. Schwarzschild-Tangherlini black holes are obtained by letting D → 0, in which case
r− → 0. In the limit |D| → C/2 we have an extreme black hole. In this case r− → r+ and we have only one horizon.
Here we study small charged black holes on the 3-brane described by the ADD model [10]. Such black holes interact
with particles localized on the 3-brane via the following geometry [21, 28]3:
ds2 = f (r)dt2 − f (r)−1dr2 − r2dΩ22, (6)
with f (r) given by Eq. (2), where dΩ22 represents the line element of a 2-sphere of unitary radius.
The dynamics of the massless scalar field is governed by the Klein-Gordon equation:
1√−g∂µ
(√−ggµν∂νΦ) = 0, (7)
where the metric gµν is implicitly defined in Eq. (6), and g is its determinant.
A complete understanding of the scattering properties of a system requires the dynamic equations to be fully solved.
However, the scattering problems of only a few systems have complete analytic solutions and one usually has to apply
approximated and/or numeric methods [43]. The situation is similar in the context of black hole scattering [44]. In such
cases, the main line adopted to solve the problem consists in separating the wave into partial waves with different angular
momenta. Using the so-called “partial-wave method” requires a separation of variables. In the present case, we use the
spherical symmetry of the spacetime to expand Φ in terms of partial waves proportional to the scalar spherical harmonics
Yml (θ, φ), i.e., Φωlm = [ψωl(r)/r]Y
m
l (θ, φ)e
−iωt. By doing so, the radial function ψωl can be shown to satisfy the following
equation:
f
d
dr
(
f
dψωl
dr
)
+
[
ω2 − Vl(r)
]
ψωl = 0, (8)
where the effective potential is given by
Vl(r) = f
[
f ′
r
+
l(l + 1)
r2
]
, (9)
with the prime standing for differentiation with respect to r.
3Following Ref. [21] we assume that the black hole is formed from matter on the brane, which has negligible self-gravity and thickness.
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The effective potential tends to zero in two regions: (I) near the black hole horizon and (II) at infinity4 Therefore, we
can obtain approximated solutions for ψωl in such regions. In order to do so, we introduce the tortoise coordinate defined
as
d
dr∗
= f
d
dr
, (10)
so that the radial equation can be written as
d2ψωl
dr2∗
+
[
ω2 − Vl(r∗)
]
ψωl = 0, (11)
from where we can directly see that, for the scattering problem
ψωl ∼
 A
tr
ωle
−iωr∗ (region I);
Ainωle
−iωr∗ + Arefωl e
iωr∗ (region II).
(12)
The coefficients Ainωl, A
ref
ωl , A
tr
ωl are related to the incident, reflected and absorbed quantities of each partial wave. Here we
consider a planar monochromatic wave impinging upon the black hole. By considering the initial wave as Φinc ∝ e−iωz
we automatically remove the φ-dependence of the wave, once it is spinless. With such considerations, the scattering
amplitude can be given in terms of partial waves by [44]:
fω(θ) =
1
2iω
∞∑
l=0
(2l + 1)
[
e2iδl(ω) − 1
]
Pl(cos θ), (13)
where Pl(·) are the Legendre polynomials and the phase shifts, δl(ω), are defined by
e2iδl(ω) = (−1)l+1Arefωl /Ainωl. (14)
The differential scattering cross section follows directly from the scattering amplitude:
dσel
dΩ
= | fω(θ)|2. (15)
3 Approximations
Some approximations are useful to test the precision of our results. These are the case of the geodesic limit and the glory
approximation. Other approximations can be used together with the numerical computation to improve the precision of
our results in certain limits. This is the case of the Born approximation. We present such approximation methods below
and compare them with the partial-wave-method results in Sec. 4.
3.1 High frequency
At high frequencies we can use the geodesic approach to describe the cross sections. Since we are working with massless
particles, we have to consider null geodesics. From Eq. (6) we obtain:
s˙2 = f (r)t˙2 − f (r)−1r˙2 − r2(θ˙2 + sin2 θφ˙2) = 0, (16)
4Note that for r  L, whith L being the size of the extra dimensions, the metric will recover its 4-dimensional form, f ∼ 1− 2G4 M/r +O(1/r2) [21].
However, for black holes much smaller than the size of the extra dimensions, the main correction 2G4 M/r is already very small at r ∼ L and the scattered
wave will not be significantly modified in the region between r ∼ L and r → ∞. Therefore, we consider that the phase shifts, and therefore the scattering
amplitude, will not be significantly modified far from the black hole by the correction 2G4 M/r.
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where the dot denotes differentiation with respect to an affine parameter. Once again we can use the spherical symmetry
of the problem to eliminate the θ-dependence of the motion by making θ = pi/2. Also, because of the symmetries of the
spacetime, we have two motion constants
E = f t˙, (17)
and
L = r2φ˙, (18)
which are related to the energy and the angular momentum of the particle, respectively. Through these constants we can
define the impact parameter as b = L/E. By doing so, after some manipulation, Eq. (16) results in(
du
dφ
)2
= hb(u) ≡ 1b2 − u
2 f (1/u), (19)
where we have made the change of variable r → u = 1/r. We can also take the derivative of (19) to generate a second-
order differential equation. This leads to
d2u
dφ2
+ u =
(n
2
+ 1
)
Cun+1 − (n + 1)D2u2n+1. (20)
By doing d2u/dφ2 = 0 we can obtain the radius of the unstable orbit of the black hole for massless particles, rc = 1/uc.
Inserting this value in hb(u) at Eq. (19) and equaling it to zero, we obtain the critical parameter bc = rc/[ f (rc)]1/2. Particles
which start their motion at infinity with b < bc will be absorbed by the black hole, while the ones with b > bc will be
scattered back to infinity.
If we choose b > bc, the smallest real root of hb(u) will describe the returning point of the geodesic, u0 = 1/r0. We
are interested in computing the deflection angle Θ(b) which from (19) can be given by:
Θ(b) = 2
u0∫
0
hb(u)−1/2du − pi. (21)
The integration in Eq. (21) has known solutions in some cases, as in the case of 4-dimensional Schwarzschild (n = 1,
D = 0) [45], Reissner-Nordstro¨m (n = 1, |D| > 0) [39], and the canonical acoustic black hole (n = 4, D = 0) [46] 5
generally written in terms of elliptic integrals. However, we cannot find a general expression for Eq. (21) here. Instead,
we deal with it numerically in order to obtain results for the classical scattering cross section.
The scattering angle relates to the deflection angle as θ = |2mpi − Θ|, where m are the number of times the geodesic
circles the black hole. The classical scattering cross section can be given by
dσ(cl)el
dΩ
=
∑
b
b
sin θ
∣∣∣∣∣dbdθ
∣∣∣∣∣ , (22)
where the sum in b takes into account the cases in which rays incoming with different bs are scattered in the same direction,
i.e., same scattering angle but different deflections.
In Fig. 1 we present some results for the classical scattering cross section, Eq. (22). We have considered the cases
n = 2, 3 with D∗ = 0, 0.7, 1. For fixed values of n we see that the results are different in the near-backward direction but
5The effective metric which describes the canonical acoustic hole [47] is the same as the one of 7-dimensional Schwarzschild black holes induced
on the 3-brane. However, the physics of the two systems in intrinsically different; the curvature around a canonical acoustic hole is experienced only by
acoustic perturbations in the fluid flow which forms the hole [8].
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Figure 1: Null-geodesic scattering cross section localized on the 3-brane of higher-dimensional charged black holes. Here
we have results for the cases n = 2 (top) and n = 3 (bottom).
tend to be equal in the forward direction. This is an evidence that the charge plays a less important role as far from the
black hole the particle passes. Also, the black holes scatters more as more charged they are since the differential scattering
cross section is larger for higher values of D∗. Analogous results have been observed for other values of n and also in the
case of Bardeen black holes [48].
3.2 Glory approximation
Geodesic approximation usually applies well in the limit of small scattering angles. Another approximation which can
be useful to compare with the partial-wave results is the glory approximation [44, 49] valid in the limit θ ≈ 180◦. For
spherically symmetric spacetimes, this approximation is given by the general formula:
dσ(gl)el
dΩ
= 2piωb2g
∣∣∣∣∣dbdθ
∣∣∣∣∣
θ=pi
J22s(bgω sin θ), (23)
where bg is the impact parameter of rays which are scattered at θ = 180◦, s is the particle spin, and Jν(·) is the Bessel
function of the first kind.
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n = 2
D∗ 0 0.7 1
C−1/2bg 2.01 1.94 1.86
C−1/2|db/dθ| 1.29 × 10−2 1.56 × 10−2 2.16 × 10−2
n = 3
D∗ 0 0.7 1
C−1/3bg 1.75 1.72 1.68
C−1/3|db/dθ| 3.48 × 10−3 4.27 × 10−3 5.90 × 10−3
n = 4
D∗ 0 0.7 1
C−1/4bg 1.61 1.59 1.57
C−1/4|db/dθ| 1.22 × 10−3 1.50 × 10−3 2.03 × 10−3
Table 1: Glory parameters for n = 2 (top), n = 3 (middle), and n = 4 (bottom) considering the cases D∗ = 0, 0.7, 1.
The values of b2g|db/dθ|θ=pi and bg will govern the intensity and the fringe widths which describe the interference
pattern caused by rays scattered in opposite senses. These values vary according to the spacetime curvature, what makes
each spacetime be identified by a different oscillatory pattern. The glory approximation (23) applies only if the scattered
particle interferes with other particles without having its state altered. This is the case of most scattering processes
around black holes, but it has a few exceptions, e.g., when helicity-reversing scattering takes place leading to non-zero
backscattered electromagnetic radiation in Reissner-Nordstro¨m spacetimes [50].
Since we cannot find a general form of the deflection angle for all n and D∗, here we make numerical estimations for
the cases which we compare with the results obtained via the partial-wave method in Sec. 4. Such estimations are listed
in Tab. 1. From this table we can infer that bg tends to decrease with the increase of D∗, while |db/dθ| tends to increase.
Therefore, we can already predict that the fringes of interference will be wider as D∗ increases for fixed ns or when n
increases keeping the value of D∗ unaltered. We cannot say much about the intensity of the peaks, since it is proportional
to b2g|db/dθ|. It has been shown in Ref. [39] that the glory intensity does not obey a monotonic behavior for case n = 1,
decreasing as the black hole charge intensity increases at first, but increasing again as D∗ → 1.
3.3 Born approximation
Via the Born approximation [43], it can be shown that in the weak-field limit [27]:
δ(B)l ≈
√
pi
2(n − 1)
Γ
(
n+3
2
)
Γ
(
n+2
2
) ωnC
(l + 1/2)n−1
. (n > 1). (24)
Although the formula above was obtained considering Schwarzschild black holes, it can be applied for charged black
holes as well. This is justified by the fact that the Born approximation applied in the scattering from black holes is usually
valid in the weak-field limit. However, in such limit, the most relevant term in the interaction between the black hole and
neutral particles comes from the black hole mass term, leading its charge to be important only in a second order. This is
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already clear in the 4-dimensional case, where the first order of the deflection angle in the weak-field regime depends only
on the black hole mass, with the charge appearing only in the second-order term [51–53].
In order to make such analysis more quantitative, in Fig. 2 we compare the phase shifts obtained numerically in the
case of extremely charged black holes for n = 2, ωC1/2 = 2.0 and the Born approximation, Eq. (24). It is visible that the
these results agree very well already for l ∼ 20. For larger values of n the spacetime becomes asymptotically flat even
faster. Therefore, we expect that the agreement between the numerical phase shifts and the Born approximation to be very
good for smaller values of l.
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Figure 2: Comparison of phase shifts obtained numerically (D∗ = 1) and via Born approximation, Eq. (24), for n = 2 and
ωC1/2 = 2.0.
An important prediction can be done considering Eq. (24). For the cases which the approximation applies to, the
scattering amplitude can be separated into two terms:
fω(θ) = f (num)ω (θ) + f
(ana)
ω (θ), (25)
where
f (num)ω (θ) ≡
1
2iω
lm∑
l=0
(2l + 1)
[
e2iδ
(num)
l (ω) − 1
]
Pl(cos θ), (26)
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with δ(num)l obtained numerically, and
f (ana)ω (θ) ≡
1
2iω
∞∑
lm+1
(2l + 1)
[
e2iδ
(B)
l (ω) − 1
]
Pl(cos θ), (27)
with lm within the regime of validity of the Born approximation, which is l  ωC1/n. Once δ(B)l  1, we can write:
f (ana)ω (θ) ≈
1
ω
∞∑
lm+1
(2l + 1)δ(B)l (ω)Pl(cos θ)
≈
√
piΓ
(
n+3
2
)
ωn−1C
(n − 1)Γ
(
n+2
2
) ∞∑
lm+1
(l + 1/2)2−nPl(cos θ). (28)
The largest contributions from the Legendre polynomials to the sum of Eq. (28) happen in the forward direction, where
Pl(1) = 1, so that the terms in the series will depend on (l + 1/2)2−n in the forward direction. Therefore, the scattering
amplitude will be finite for n ≥ 4. We use expression (25) in order to obtain the differential scattering cross section in
cases n ≥ 4. However, we have to truncate the series at a point where the sum of the remaining terms can be neglected.
4 Results
In this section we present the results for the cross section obtained numerically via the partial-wave method. The method
consists basically in computing the phase shifts (14) by comparing the numerical solution of the radial equation (8)
with the asymptotic solutions (12). The sum in the scattering amplitude, Eq. (13), is developed through two different
approaches, depending on the value of n. For n ≤ 3, we use phase shifts obtained numerically together with a method
of reduced series described in Ref. [54] since the scattering amplitude sum converges purely in such cases. Therefore,
this method guarantees that we will obtain convergent scattering amplitudes considering a relative small number of phase
shifts [55]. For n > 3, the cases in which the differential scattering cross section is finite in the entire range of θ [27],
we split the scattering amplitude into two terms. The first part is computed with the sum of terms which include phase
shifts obtained numerically until lm. The remaining part of the series is then computed with phase shifts obtained via Born
approximation, Eq. (24), from lm + 1 until lmax, with lm within the regime of validity of Eq. (24). This approach has been
introduced to the study of black hole scattering in Ref. [46].
In Fig. 3 we present the scalar differential scattering cross sections for charged black holes on the brane for n =
1, 2, 3, 4, D∗ = 0, 0.7, 1, and ωC1/n = 2.0. As we can see, the charge of the black hole plays an important role in the
scattering for large values of θ. In this regime, the widths of interference tend to widen with the increase of D∗, as
anticipated in Tab. 1, where we observed that bg decreases with the increase of D∗. We observe an increase in the intensity
of the interference peaks in the cases n > 1, but not in the case n = 1, as already observed in Ref. [39]. For low values of
θ the charge of the black hole has little influence in the scattering, and we can observe that the results for D∗ = 0, 0.7, 1
for all values of n presented tend to coincide in the regime θ . 40◦.
We compare the numerical results with the geodesic and the glory approximations, presented in Secs. 3.1 and 3.2
respectively, in Fig. 4. There we consider a relative high value of frequency (ωC1/n = 10.0) once such approximations are
valid in the high-frequency regime. We see that the agreement with the glory approximation is excellent in all cases for
θ & 160◦. The geodesic approximation, however, is only a very good approximation in cases n = 1, 2, 3, but not in case
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Figure 3: Scattering cross section of charged black holes for the massless scalar field on the 3-brane for n = 1 (top-left),
n = 2 (top-right), n = 3 (bottom-left), and n = 4 (bottom-right).
n = 4. In this case the geodesic method predicts that the flux scattered in the forward direction should be infinity while
the wave analysis predicts a finite flux in the same direction. We expect the geodesic approximation being recovered only
in the classical limit, i.e., ωC1/n → ∞, for the cases in which n ≥ 4. Although we presented only results for extreme black
holes in Fig. 4, we have observed similar agreements for the cases D∗ < 1. The same comparison has been done for the
case of uncharged black holes in Ref. [27] with similar conclusions.
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Figure 4: Comparisons of the differential scattering cross section obtained via the partial-wave method and via the
geodesic and glory approximations. Here we consider extreme black holes in all cases with ωC1/n = 10.0.
Figure 5 shows a comparison of the scattering cross sections for extremely charged black holes in spacetimes with
different dimensions, namely n = 1, 2, 3, 4 (case n = 1 has been extensively studied in Ref. [39]). Similarly to what
happens with uncharged black holes [27], the increase in the number of dimensions implies in weaker interactions between
the black hole and the test field. As a consequence, the intensity of scattered flux by the black hole decreases as n increases.
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The fringes of interference get wider with the increase of n. This is in agreement with the results presented in Tab. 1,
where we observed a decrease of bg with the increase of n.
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Figure 5: Comparison of the scattering cross sections for extremely charged black holes in spacetimes with different
number of dimensions. Here we consider ωC1/n = 2.0.
5 Final remarks
We have computed the differential scattering cross section for the massless scalar field localized on the 3-brane of higher-
dimensional charged black holes in the ADD model. We have focused mainly in the case of extreme black holes, but also
presented results for non-extreme and uncharged black holes. The latter case has been extensively studied in Ref. [27].
Although we showed results only for the cases n = 1, 2, 3, 4 our analysis could be straightforwardly generalized for higher
values of n.
We would like to remark the fact that there is an important transition in the behavior of the cross section when changing
the spacetime dimensionality from n < 4 to n ≥ 4. For the cases n ≥ 4, the differential scattering cross section is finite
in all directions, while it diverges in the forward direction for the cases n < 4. This has been foreseen based on the Born
approximation in Ref. [27] for uncharged black holes, but the conclusions there can be equally applied to the cases studied
here since the effects of the black hole charge can be neglected in the weak-field limit. This has been evidenced in the
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results obtained via geodesic (Fig. 1) and partial-wave (Fig. 3) methods where we have observed that the curves which
describe the differential scattering cross sections for black holes with different charges tend to approach each other with
the decrease of θ, being almost indistinguishable at θ . 40◦.
The results obtained via partial-wave method where compared with two approximations: (i) the geodesic approxima-
tion and (ii) the glory approximation. Both comparisons resulted in excellent agreements in their regime of validity for
the cases n ≤ 3; small angles in case (i) and large angles in case (ii). For n = 4, the agreement is excellent in case (ii)
but not in case (i) since the classical approximation predicts a divergence in the differential scattering cross section in the
limit θ → 0, while the wave analysis reveals that the scattered flux is actually finite in such limit. The same disagreement
between the partial-wave method and the geodesic approximation is expected to happen in the cases n > 4, unless one
considers ωC1/n → ∞.
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